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We consider compact four-dimensional Zn x Zm type IIB orientifolds, for certain values 
of N and M. We allow the additional feature of discrete torsion and discuss the modifi- 
cation of the consistency conditions arising from tadpole cancellation. We point out the 
differences between the cases with and without discrete torsion. 

Orientifold compactificationsS of the type IIB superstring circumvent the prob- 
lem that the type I theory does not produce a chiral spectrum when compactified 
on a Calabi-Yau threefold with standard embedding of the gauge degrees of free- 
dom. Independently of this discrete torsion (DT) was introduced as a phase factor 
related to the B-field, allowed by modular invarianceo in orbifold compactifications 
of the closed string theories. In the open string theories the analogous notion of DT 
was discovered relatively recently, only after D-branes were better understood!. In 
addition the relationship between closed and open DT has been further clarifiecfl. 

The pioneering jvork for Z2 orientifolds was quickly generalized to Z n for dif- 
ferent values of n'sH. The case Z2 x Z2 was investigated^ and generalized!! The 
question of noncompact orientifolds. with DT was addressed as wellB. The geometric 
aspects of DT_was partly described!! and there has recently been a revival of interest 
in the subjectlii 

The complete orientifold group we consider here is G\ + HG2 with flhflh' G G± 
for h, h' G G2. We restrict our attention to G\ — G2 — Zn x Zm- The generator 
of either of the factors will have the form 9 = exp(2i7r(ui J45 + viJ§-j + v^J^g)), 
with J mn the 50(6) Cartan generators, acting on the compact T 6 (complexified) 
coordinates Z x = X A + iX 5 , Z 2 = X 6 + iX 7 and Z 3 = X 8 + iX 9 as OZi = e 2 * 7 ™ 1 ^. 
If we chose the twist vectors of the Zn and Zm generators and to to be of the 
form v$ = v = -^(1,-1,0) and v u — w = -^(0,1,-1), we end up with N=l d=4 
supersymmetry. Undoubtedly, there are many equally interesting choices that do 
not have this form. 

To derive the massless spectra we work in light-cone gauge. The GSO pro- 
jected untwisted massless Ramond states |so s i s 2S3) transform as #|soSiS2S 3 } = 
e 2l ™- s | So sis 2S3 ). 

In this paper we will be mainly interested in the Klein bottle vacuum to vacuum 
amplitude; the Mobius strip and the cylinder in fact have similar expression. The 
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Klein bottle amplitude is given by 

JC = -^-Y r f (4n 2 a't)- 2 Tr h { ^^ Qg e -™[L oW+ L oW ] } (1) 
2MN ^ J n 2t ' 1 2 y " u 

where the sums run over the entire group G\ = Zn x Zm, and the trace is com- 
puted in the sector twisted by h. As any element of G\ is of the form x a y b , 
where x (y) is a generator of Zn (Zm), and Q interchanges the sectors twisted 
by x a y b and x N ~ a y M ~ b , we see immediately that in order to have DT make a dif- 
ference in the Klein bottle amplitude we must require that either N or M is even, 
and we have to study the sector twisted by x a y b , with (a, 6) taken from the set 
{(N/2,0), (0, Af/2), (N/2,M/2)}. Due to space limitation we can only hint at the 
form of the expressions involved. For example for the Klein bottle amplitude in the 
sector twisted by x N / 2 we have: 

«**.*v> = *!& £ 4 (n 0i) <- 2 ™ 2 ™3>^44 m 

where Ui = avi + bwi, and the argument of the d's and 77's is e" 4?r *. In addition 
this we also have factors coming from the compact momenta and from windingsl 
Using the properties of $ functions Eq. (||) can be simplified dramatically: 

/C(x*,«V) = (1 - l)x& 6) n^ ( 17 ^4 I (-2sin2 7 r U3 )^y , (3) 




In what follows we focus on the differences in the closed string sector arising 
from the presence of DT. For Z n x Z m with n and m odd, though DT is possible, 
it cannot contribute to the Klein bottle amplitude, as the relevant twisted sector 
amplitudes are zero. This implies that for these models there is no difference in the 
tadpole cancellation equation with or without DT. As the orientifolds constructed 
in these cases were based on projective representations on the Chan-Paton indices, 
we conclude that DT has no effect. 

The next simplest class of models is Z2 x Z m . Here there are two sub-cases. 
For m odd there is no DT. For m even we can take x (resp. y) as the generator 
of Z2 (resp. Z m ), and L02 — —1 as the generator of H 2 (Z2 x Z m ,U(l)). For the 
three potentially nonzero amplitudes we get: IC(x, — ) = lC(xy m / 2 , — ) = 0, and 
1C(y m / 2 , x a y b ) ^ iff 2b/m Z. Analyzing the different m's is easy again. For 
m = 2: 2b I m = b and this is integer, so all the twisted sector has zero amplitude. 
For m — A we have the b = 1,3 nonzero amplitudes, but e(y 2 ,x a y b ) — 1, and DT 
has no effect. More generally for m = 41: e(y 21 ,x a y b ) — 1 and we see that the 
Z2 x Z41 orbifold has the same tadpole cancellation condition with and without 
DT. The case m = 6 requires more work to see what happens. 

For the Z2 x Zq orientifold the sectors we are interested in are the ones twisted 
by x, xy 3 , y 3 . It may easily be seen that the sector twisted by y 3 is the only 
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nonzero one. In what follows we focus on the K,(y 3 ,xy a ) = contributions, which 
will be proportional to 1/Vi, as opposed to the lC(y 3 ,y a ) contributions that are 
in fact proportional to V\. We also have e(y 3 ,x a y b ) — (— l) a . It turns out that 

IC(y 3 ,xy a ) = for a = 0,3, while for other values of a they all equal a common 

i i no 

value proportional to #[ 2 1 \ ]/$[_ In the limit t — > the twisted Klein 

6 6 6 6 

bottle amplitudes will give the contribution (2t) (QAn 2 a') jV\ without DT, and the 
negative of this with DT. Similarly, the untwisted Klein bottle contribution that 
contributes with a factor of X/V\ turns out to be K,(l,xy a ), for a = 1,3,4,5. In 
the t — > limit these add up the contribution 3 (2t) (647r 2 a')/Vi. Thus in the case 
without DT we have a tadpole contribution proportional to (2t) (256n 2 a') jV\ , which 
turnsxmt to require 32 D-branes to be canceled. This agrees with the already known 
resultEI. On the other hand, for the case with DT the tadpole cannot be canceled, 
rendering the model perturbatively inconsistent, in the sense o£a. 

The next interesting case is Z3 x 7aq. More generally for n odd the Z n x Z2 n 
DT is e(y n ,x a y b ) = e ( 2 W™)™(-b) = i j an d once again DT has no effect. 

The Z4 x Z4 model is interesting to analyze as well. It is was knownQ that without 
DT this model was perturbatively inconsistent. Our hope was that DT would 
change the tadpole cancellation conditions, and allow for a consistent solution. 
It is elementary to show that e(x 2 ,x a y b ) ^ 1 iff b = 1,3; e(x 2 y 2 , x a y b ) ^ 1 iff 
a — b= —3, — 1, 1, 3, and e(y 2 , x a y b ) ^ 1 iff a = 1, 3. Unfortunately it turns out that 
with these constraints K,(x 2 , — ) = IC(x 2 y 2 , — ) = 0, and /C(y 2 , — ) = 0, implying that 
even by turning on DT we cannot perturbatively save the model. 
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Note 

After this talk was given an exhaustive treatment of the subject appearedE3 that 
overlaps partly with our results. 
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